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CHARACTERIZATION OF COORBIT SPACES WITH 
PHASE-SPACE COVERS 

JOSE LUIS ROMERO 



Abstract. We show that coorbit spaces can be characterized in terms of 
arbitrary phase-space covers, which are fainihes of phase-space multipliers as- 
sociated with partitions of unity. This generalizes previously known results for 
time- frequency analysis to include time-scale decompositions. As a by-product, 
we extend the existing results for time-frequency analysis to an irregular set- 
CN . ting. 



1. Introduction 



Coorbit spaces are functional spaces defined by imposing size conditions to a 
certain transform. More precisely, regarding a functional space X as a coorbit space 
consist of giving a transform T : X —^ E that embeds X into another functional 
space E that is solid. This means that the membership in E is determined by 

p^ . size conditions (for precise definitions see Section 12. 2|) . The space E consists of 

^ ' functions defined on a set Q that is commonly taken to be a locally compact group. 

OO . The theory in [15] studies the case when T arises as the representation coefficients 

of a unitary action of a locally compact group. The examples of this theory include 
a wide range of classical function spaces. In the case of the affine group acting on 
L^(R'') by translations and dilations, T is the so-called continuous wavelet trans- 
form and the corresponding class of coorbit spaces includes the Lebesgue spaces L^ 

f^ ' (1 < p < oo), Sobolev spaces and, more generally, the whole class of Besov and 

Triebel-Lizorkin spaces. In the case of the Heisenberg group acting on L^(R'') by 
time- frequency shifts, the transform T is known as the short-time Fourier transform 
(or windowed Fourier transform) and the corresponding coorbit spaces are known 
as modulation spaces [13l [17] . 

When a functional space X is identified as a coorbit space, the properties of an 
element f € X are reformulated in terms of decay or integrability conditions of the 
function T(/) G E, that is sometimes referred to as the phase-space representation 
of /. The elements of X can be resynthesized from their phase-space representations 
by means of an operator W : E ^i- X that is a left-inverse for T (i.e. / = WT{f)). 
In an attempt to finely adjust the properties of a function / that are expressed 
by T{f) one can consider operators of the form Mm{f) — W {niT (f)) that apply a 
mask m to the phase-space representation T{f). We will call these operators phase- 
space multipliers. Of course, the rigorous interpretation of Mm(/) is problematic 
since, in general, TMm{f) ^ mT{f). When T is the abstract wavelet transform 
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2 J.L. ROMERO 

(representation-coefficients function) associated with an unitary action of a group, 
these operators are know as localization operators or wavelet multipliers |36 1 I50 1 [39]. 
In the case of time-frequency analysis these operators are known as time-frequency 
locahzation operators or muhiphers of the short-time Fourier transform [8, ^ [6j [3] . 

In this article we characterize the norm of a coorbit space in terms of families 
of phase-space multipliers associated with an arbitrary partition of unity in Q. 
Specifically, suppose that X is a Banach space that is regarded as a coorbit space 
by means of a transform T : X ^ E, having a left-inverse W : E ^ X. Let 
{d-y} be a partition of unity on Q and consider the corresponding phase-space 
multipliers given by M^{f) = W{9^T{f)). The partition of unity is only assumed 
to satisfy certain spatial localization conditions but it is otherwise arbitrary. We 
prove that |j/|lx is equivalent to the norm of the sequence {||M7(/)||b} in a 
discrete version of the space -E, where the space B can be chosen among a large 
class of function spaces. Moreover, we prove that the map / i— > {My(/)} embeds 
X as a. complemented subspace of a space of B-valued sequences, obtained as a 
discretization of E. (See Theorem [3] for a precise statement). This quantifies the 
relation between an element / G X and the phase-space localized pieces {M^{f)} 

Phase-space multipliers formalize the notion of acting on a vector by operating on 
its phase-space representation. The set of all phase-space representations T{X) is 
usually thought of as the class of all functions on phase-space, and phase-space itself 
is implicitly understood as the underlying set of "degrees of freedom" for that class 
of functions. Operations on phase-space are formally described as operations on the 
class of functions T{X). Thus, a family of phase-space multipliers {M^} associated 
with a partition of unity {0-y} on C/ is a natural formalization of the notion of a 
cover of phase-space. From this perspective, the estimates we prove, that establish 
a quantitative equivalence between a vector / and the sequence {M^(/)} , can be 
interpreted as saying that the family of operators {M^} indeed covers phase-space. 

For the case of time- frequency analysis, Dorfler, Feichtinger and Grochenig j9l[T0] 
have recently obtained a characterization of modulation spaces through families of 
time- frequency localization operators, using techniques from rotation algebras (non- 
commutative tori) developed in [ST and [30^ and spectral theory for Hilbert spaceso 
In this article we use a different approach to obtain consequences for settings where 
the techniques in |10| are not applicable, such as time-scale decompositions and 
Besov spaces. As a by-product we derive a stronger version of the main result in 
[To] where the admissible partitions of unity are restricted to be lattice shifts of a 
non-negative function and the space B is L^. (For precise statements see Section 



We now comment on the organization of the article. We consider an abstract 
setting in which there is a solid space E of functions over a group Q and a certain 
complemented subspace S (this is similar to the setting studied in [41 ). Phase- 
space multipliers are defined as operators of the form S' 3 / M- P{mf) E S where 
P : E ^ S is a projection and m E L°°{Q). The main result we prove is the 
characterization of the norm of S in terms of the family of multipliers associated 
with an arbitrary partition of unity in Q (see Theorem[3]) . The technique of the proof 
is a vector-valued variant of the proof of the existence of atomic decompositions 



For more about the relation between time-frequency analysis and non-commutative tori see 

m. 
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for coorbit spaces in [15] . In Section [9] we apply the abstract results to coorbit 
spaces, by taking 5' to be the range of an adequate transform. The model for 
phase-space that we consider includes the classical coorbit theory associated with 
a group representation but also the case of coorbit spaces produced from localized 
frames (see [21]). This yields further applications to time- frequency analysis, giving 
a characterization of modulation spaces in terms of certain discrete time-frequency 
localization operators known as Gabor multipliers (see |18j). 

Amalgam spaces (see Section 12. 3p are one of the main technical tools of this 
article. We use and slightly extend (see Section [^^ a number of convolution and 
sampling relations from [15| that are particularly important to discretization of 
convolution operators. 

Section [8] establishes a variant of the main result where, under stronger assump- 
tions on the group Q, the class of admissible partitions of unity is enlarged. This 
partial extension of the main result is important in a number of examples and, in 
particular, allows us to recover and extend the main result from [10'. Instead of 
the tools from rotation algebras used there, we resort to related results for matrix 
algebras. 

2. Preliminaries 

2.1. Notation. Throughout the article G will be a locally compact, cr-compact, 
topological group with identity element e and modular function A. The left Haar 
measure of a set X C Q will be denoted by \X\ whereas its cardinality will be 
denoted by #X. Integration will be always considered with respect to the left Haar 
measure. The product of two subsets of Q, A, B, will be denoted A ■ B ot simply 
AB. 

For X d G, we denote by L^ and R^ the operators of left and right translation, 
defined by L^fiy) = f{x^^y) and Rxf{y) = f{yx). We also consider the involution 
r(a;) = /(x-i). 

Given two non-negative functions /, g we write / ^ g if there exists a constant 
C > such that / < Cg. We say that / « 5 if both / < g and .9 < /. The 
characteristic function of the set A will be denoted by xa- The symbol (■, •) will 
stand for the L^ inner product, {f,g) :— J^ f{x)'g{x)dx, whenever defined. 

A set A C (/ is called relatively separated if for some (or any) V ^ Q, relatively 
compact neighborhood of e, the quantity - called the spreadness of A - 

(1) p(A) = py(A):=sup#(Ana;y) 

xeg 

is finite, i.e. if the amount of elements of A that lie in any left translate of V is 
uniformly bounded. Equivalently, A is relatively separated if for any compact set 

Kcg, 

sup ^{y eAlXKnX'K ^0} < +00. 
AeA 

A set A C 5 is called V-dense (for V , a relatively compact neighborhood of e) if 
Q = [J_x,gA Ay. A is called well-spread if it is both relatively separated and y-dense 
for some V . 

We now fix V , a symmetric (i.e. V = V^^) relatively compact neighborhood of 
the identity in Q. Some definitions below depend on the choice of V , but different 
choices of V will yield equivalent objects. 
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We will sometimes assume that Q is an IN group, i.e., that it has a relatively 
compact neighborhood of the identity that is invariant under inner automorphisms. 
By convention, whenever we assume that Q is an IN group we will further assume 
that the distinguished neighborhood V is invariant (i.e. xVx^^ — V, for all x e 5). 

2.2. Function spaces. A BF space is a Banach space E consisting of functions 
on Q that is continuously embedded into ^100(^)1 the space of locally integrable 
functions. 

A BF space E is called solid if for every f ^ E and every measurable function 
g : Q ^ C such that \g{x)\ < \f{x)\ a.e., it is true that g & E and \\g\\E < ||/||e- 

An admissible weight is a locally bounded function w :(?—;> (0, +00) that satisfies 
the following conditions, 

(2) u;(x) = A(x"^)w(x"^), 

(3) w{xy) < w{x)w{y) (submultiplicativity) . 

li E is a solid BF space and w is an admissible weight, we let E^ be the set of all 
functions / £ -^ioc(^) such that fw £ E and endow it with the norm ||/||£;„ := 
ll/uijli;. If w is an admissible weight, then i^ is a convolution algebra, ||/||li = 
\\n\Li^,and\\L^\\Li^^Ll<wix). 

We say that a solid BF space E is translation invariant if it satisfies the following. 

(i) E is closed under left and right translations (i.e. L^E C E and RxE C E, 

for all X € G)- 
(ii) The relations, 

(4) Ll{g)*E CE said E*LlcE, 

hold, with the corresponding norm estimates, where u{x) := \\Lx\\e^e and 
v{x) -.^ A{x-^)\\Rx-i\\e^e- 

Remark 1. Observe that, for a BF space, if the translations leave E invariant, 
then they are bounded by the closed graph theorem. 

Remark 2. In the definition of translation invariant space, the technical assump- 
tion (ii) follows from (i) if the set of continuous functions with compact support 
is dense on E , or more generally if the maps x 1-^ L^ and x i—> R^ are strongly 
continuous. 

We say that E is isometrically left (right) translation invariant if it is translation in- 
variant and, in addition, left (right) translations are isometrics on E. The weighted 
Lebesgue spaces i5^(R'') with m{x) := (1 + |x|)", a G M, are examples of transla- 
tion invariant solid BF spaces on M''. These are isometrically translation invariant 
if TO = 1 . 

Given a BF space E, a set of functions { /a | A G A } C Ll^^{Q) - indexed by a 
relatively separated set A - is called a set of E-molecules if there exists a function 
g G E - called envelope - such that 

\fx{x)\<Lxg{x), {xeg,XeA). 

Given a solid, translation invariant, BF space E, we say that a weight w : Q ^ 
(0, +00) is admissible for E ii w \s admissible and, in addition, it satisfies, 

(5) w{x) > Ce.u, max l'u(x), u{x~ ), w(x), A(x~ )v{x~ )| , 
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where u{x) :~ \\Lx\\e^e, v{x) := A{x^^)\\Rr^-i\\E^E and Ce,w > is a constant. 
Under these conditions, w{x) > 1, i^ * E C E and E * L]^ C E, with the corre- 
sponding norm estimates. Moreover, the constants in those estimates depend only 
on Ce^w 

If £^ is a sohd BF space, we construct discrete versions of it as fohows. Given a 
well-spread set A C (? we define the space, 

Ed = Ed{A) := { c e C^ I ^ |ca| XAV e £; }, 

A 

and endow it with the norm, 

||(cA)AGAlUd := \\^\cx\xxv\\e- 

A 

The definition, of course, depends on A and V, but a large class of neighborhoods V 
and sets A produce equivalent spaces (see [151 Lemma 3.5] for a precise statement). 
In the sequel, we will mainly use the space Ed keeping V fixed and making an 
explicit choice for A. When E = L^, for an admissible weight w, the corresponding 
discrete space Ed{A) is ^£,(A), where the weight w is restricted to the set A. This 
is so because the admissibility of w implies that for x G XV, w{x) « w{X). 

We will also need a vector- valued version of Ed- Given a second Banach space 
B we let, 

Ed,B = Ed,BW := { c e B^ I (llcAllB)AeA e Ed{A) } 

= {ceB^\J2\\c>^\\BXxveE}, 

A 

and endow it with a norm in a similar fashion. 

2.3. Wiener amalgam spaces. [TTJ|371IH]- Given two solid, translation invariant 
BF spaces B and E, the left amalgam space (or space of Wiener-type) with local 
component B and global component E is defined by, 

W{B,E) :- { / e Bloc I Ksif) e E}, 

where the control function ii:B(/) is given by Kb (/)(a;) := \\f{LxXv)\\B = WJXxvWb- 
We endow W{B,E) with the norm l|/l|iy(B,E) := ||-f^B(/)||E- The right amal- 
gam space Wr{B,E) is defined similarly, this time using the control function 
Kb{LR){x) :— \\f{RxXv)\\B = WJxvx-^Wb- This definition depends on the choice 
of the neighborhood V, but a different choice produces the same space with an 
equivalent norm. 

When B and E are weighted L^ spaces, the corresponding amalgam space coin- 
cides with the classical L^ — £'' amalgam spaces [371 [12 ■ We are requiring that the 
space B be solid, but much of the theory only requires that B have a sufficiently 
rich algebra of pointwise multipliers (see [11]). 

Amalgam spaces with L^ and L°° as local components will be a key technical 
tool in this article. The spaces W{L°°, E) and Wr{L°° , E) can be easily described 
in terms of certain maximum functions. For a locally bounded function f : Q ^>- C 
we define the left and right local m,axim,um functions by, 

f*{x) :=supess|/(xy)|, 
yev 

f#{x) := supess|/(2/x)|. 
yev 
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Since V is symmetric, these functions are related by (/#) = (/^)*- Using these 
definitions we have, 

(6) WfWwiL^.E) = ll/*IU, 

(7) \\f\\w,XL^,E)^\\{Uy\\E. 

In particular, ||/||wr(l°°,£) = \\f^\\w(L=°.E)- Note also that, by the solidity of 
E, both WiL°°,E) and 'Wr{L°°,E) are continuously embedded into E. We will 
denote by W{Co,E) the subspace of W{L°°, E) formed by the continuous functions. 
Wr{C{),E) is defined similarly. 

When E — i^ for an admissible weight w we can drop the involution in Equation 
dH) yielding, 

(8) \\f\\wii{L=°,Ll) := ll/#IUi,- 

In addition, since Lxif^) ~ (Lxf)"^, the space W{L°°,L}^) is invariant under left 
translations and the norm of the left translations is dominated by w. A similar 
statement holds for Wr{L°°,LI^) and right translations. 

We finally note that if Q is an IN group, the left and right local maximum 
functions coincide and therefore W{L°°,E) = Wii{L°",E). 

We now state some facts about amalgam spaces that are relevant to atomic 
decompositions. They have been mainly collected from [15j . In the cases when we 
were unable to find an exact reference we sketch a proof. Most of the results below 
concern a translation invariant BF space E and an admissible weight w. We point 
out that the corresponding estimates depend only on w and certain qualities of E, 
namely the value of the constant Ce,w in Equation ([5]). 

Lemma 1. Let E be a solid, translation invariant BF space and let w be an admis- 
sible weight for it. The following embeddings hold, together with the corresponding 
norm estimatesJQ 

(a) E*W{L°°,Ll)^W{L°°,E) and E *W{Co,Ll) ^ W{Co,E). 

(b) E ^-> W{L^, L"^,). In addition, if E is isometrically left-translation in- 
variant, then E ^ W{L'^,L°°). 

(c) W{L\L°^) ■ W{L°°,L^) ^ L^ and W{L^,L^/J ■ W{L°°,Ll) ^ L^. 

(d) WiL\L^)^WHiL^,L^)^L°° andWiL\L^^J*WRiL^,Ll) ^ Lf)^^. 

Proof Part (a) is proved in [TH Theorem 7.1]. By dH Lemma 3.9], E ^ M/(L\ i^v 
where u{x) :— \\Lx\\e^e- The admissibility of w implies that u^ < w, so part (b) 
follows. 

To prove (c) first observe that for any / G L^{G), since V — V^^, 



\f{x)\{LyXv{x))dxdy^ / \f{x)\ / xv{y-'x)dydx^\V\ / \f(,x)\dx. 
gjg Jg Jg Jg 

Using this observation, for / e W{L^,L^^J and g G W{L°°,Ll), 

f{x)\\g{x)\dx!ii / \f{x)\\g{x)\dxdy 
g JgJyV 

< ' ^^f\\LHyV)\\9\\L°-{yV)dy < \\f\\w{L\L^)\\9\\w{L'^,Li)- 



Here, the symbol ■ denotes the pointwise product. 
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The unweighted case follows similarly. To prove (d) let / S W{L^,L^,) and 
g G Wr{L°°,LI^). For x € Q we can use (c) to get, 



\f*g{x)\< / \f{y)\\L.g''iy)\dy<\\f\\wiL^,Lr,j\\L.gl\wiL^,Li) 

< \\I\\w(L\L^^j\\9'^\\w{L--,Ll)w{x). 

Since ||5^I|vf(l=,li ) = llffllwH(L=°,Li ) the weighted inequality in (d) is proved. The 
unweighted one follows similarly, this time using the unweighted bound in (c). D 

Lemma 2. Let E be a solid, translation invariant BF space, let w be an admissible 
weight for it and let K Q Q be a relatively separated set. Then the following holds. 

(a) For every f e W{Co,E), the sequence /(A) = {f{\))\eK belongs to Eci{A) 
and, 

ll/(A)|b. < \\.f\\wiCo,E). 

(b) For every f E E and g G Wr{Co,L]^), the sequence {{f, L\g))\^\ belongs 
to Ed{A) and, 

\\i{f,Lxg))x\\E,<\\.f\\E\\g\\wniL^,Ll)- 

(c) //(ca)a e -Ed(A) and f e WRiL^,Li), then j:^cxLxf G E and 

W^CxLxfWs < ||(cA)A||£j|/||vi/H(L~,Li,)- 
A 

The series converges absolutely at every point and, if the set of bounded 
compactly supported functions is dense in E, it also converges uncondition- 
ally in the norm of E. 

(d) EdiA)^ir^JA). 

All the implicit constants depend on p{A) - the spreadness of A (cf. Equation ^). 

Proof. Part (a) follows easily from the definitions (see for example [15( Lemma 
3.8]). For (b) observe that {f,Lxg) = (/ *g^)(A). Hence, Lemma[l]and part (a) 
imply that 

\\{{f,Lxg))x\\E-' < ll/*ff''llw(Co,B) ^ ll/IUIl5''llw(L~,Li,) = \\f\\E\\g\\wH{L'>-,Li,)- 

Part (c) is Proposition 5.2 of [H]. Lemma 3.5 in |il5^ gives the embedding 

Ed{A) '-^ ^j^^(A), where u{x) := \\Lx\\e^e- Since u <w, part (d) follows. D 

Finally we state the following lemma that will be used to justify treating convo- 
lutions pointwise. 

Lemma 3. Let E be a solid, translation invariant BF space and let w be an admis- 
sible weight for it. The following enibeddings hold, together with the corresponding 
norm estimates. 

(a) W{L^,E)^L^,^. 

(b) W{L°^,E) * L\j ^-> Ci/^, where Ci/^ denotes the subspace of L^, formed 
by the continuous functions. 

Proof. By Lemma [U Ed ^-s- ^Jy^- This implies that, 

W{L^,E)^W{L°-,Lr/J=L^/^, 
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(see for example [HI Proposition 3.7]). This proves part (a). The embedding, 

impHes that, W{L°°,E) * L^ = W{L°°,E) * Ll"" -^ L^^^. Now part (b) follows 
from the fact that the class of continuous, compactly supported functions is dense 

in Ll. D 

2.4. Weak and strong amalgam norms. We now introduce some variations of 
the amalgam spaces W(L°°,L^), Wfl(L°°,L^). We do so in order to deal with 
some technicalities involving right convolution actions on the spaces W{L°°,E). 
For an IN group, the spaces W{L°°,E) are right Ll^, modules, but for a general 
group G, they are only right W{L°°,Ll^) modules. We will now introduce a space 
between L^ and W{L°°, L^) that acts on the spaces W{L°°, E) from the right and 
collapses to L^ in the case that Q is an IN group. 

Similarly, we will define a certain subspace of W{L°°,L]^) n Wij(L°°,L^) that 
reduces to W{L°°,L]^) when Q is an IN group. The introduction of this second 
space is not essential but a matter of convenience. Its use is not required by any of 
the applications in Section |9l 

For an admissible weight w, let the left and right weak amalgam spaces be defined 

by 

M/--'^(L-, Lj„) := { / G Ll, I XV * |/| € W{L^,LI) }, 
^wcak(^oo^^i^) := { / G Ll, I I/I * XV e WR{L°-,Li)}, 
and endow them with the norms, 

WfWw^^^^iL^.Ll) — WXV * \f\\\w(L'^,Ll) = IKXV * \f\)*\\Ll, 
ll/IIvy— "(L-.Li,) — lll/l * XvWwniL'^Xi) = IKI/I * Xy)#l|Li,- 

These spaces are related by WfWw-^o.kiL^.Ll) = II/^IIh'-''-1'(^oo ^i^). 
Consider also the strong amalgam, space defined as, 

W-\L°-,Ll) :- Wr{L^,W{L°^,LI)). 

Hence, the norm of a function / G iy'(L°°, L]^) is given by, 

\\f\\w'KL^.Ll,)^\\{f#)*\\Ll. 

We now observe how these new spaces are related to the classical ones. 

Proposition 1. Let w be an admissible weight. Then the following holds. 
(a) 

WiL°°,Ll) ^ W^^-'^iL^^Ll) ^ Ll, 
and 

Wr{L^,LI) ^ W]^^^\L^,Ll,)^Ll. 

(b) // Q is an IN group then, 

Wr\L°°,Ll) = iy--'^(L-,Li) = Ll. 

(c) W^'iL^,Ll) ^ WiL°-,Ll) n WRiL^,Ll). 

(d) // Q is an IN group then, 

w{L^,Ll) = Wr{l°^,lI) = w^Hl°^,lI). 
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Proof. For (a) and (b) we only prove the statements concerning the "right" spaces; 
the corresponding statements for "left" spaces follow by using the involution ^ . 
Let f eWR{L°°,Ll). Since (|/|*xy)# < (/#* Xv), we have that, 

ll/lllV— "-(L-.LJ^) = IKI/I *Xv)#liLi, < \\f#*Xv\\Li 

< WUWliWXvWlI ^ \\f\\wn(L'^,Ll)- 

This proves the first embedding of (a). For the second one, let / e W^'^'^^{L°°, LU) 
and estimate, 

\f{x)\w{x)dx< / \f{x)\w{x) / xv{x^^y)dydx 
g Jg Jg 

< / / \fix)\w{y~'^x)xv{x''^y)dxw{y)dy. 
Jg Jg 

Since w is locally bounded, in the last integral wijj^^x) < 1 and we conclude that 
II/IIli. ^ II I/I * XvIIli • Now the conclusion follows from the fact that |/| * xv < 

(l/l*xy)#- 

Part (b) follows from the convolution relation, 

which holds when Q is an IN group. (This follows easily from the fact that, for an 
IN group, f^ = /#: see for example [H] Theorem 3] jj. 

Part (c) follows from the observation that /^ < (/#)'^ and f^ < (/'^)^. Finally 
if Q is an IN group, for x G Q, VxV — VVx, and therefore, 

(9) {f#)*{x) = sup/#(a;w) = sup sup \f{wxv)\ = sup \f{yx)\ = (/#)#(x). 

Hence, the conclusion follows from the fact that a different choice for the neighbor- 
hood V induces an equivalent norm in W{L°° , L]^)- ^ 

For the weak norm, we now derive the following convolution relation (cf. Lemma 
[T]). Again, we point out that the estimates depend only on the weight w and the 
constant Ce,w in Equation ([5]). 

Proposition 2. Let E he a solid, translation invariant BF space and let w be an 
admissible weight for it. Then, 

W{L°", E) * P^*°^k(^oo^ ^ij ^ wiCo,E), 

together with the corresponding norm estimate. 

Proof Let / e W{L°°,E) and g S W'""''^ {L°° , Ll) . For almost every y £ ^ and 
t e V, 1/(2/) I < f*iyt). Hence, for xGG, 

i/|*l3l(^)< / [ f*{yt)xv{t-')dt\g{y-'x)\dy 
Jg Jg 

I*{t) f xv{t-'y)\giy-'x)\dydt 

g Jg 

= / f*{t){xv*\g\){t~'x)dt = f**{xv*\g\){x). 



^TheoremSin [TT] implies that W{L°° , Ll^)*W{L^, L^,) ^ VK(L°°,Li,). It is straightforward 
to see that W(L'^,LI,) = L^. 
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Therefore Lemma [1] implies that, 

11/ * 9\\w(L'-=,E) < \\f* * iXV * \9\)\\w{L^.E) 

< \\f*\\E\\XV * \9\\\w{L°-,Ll) = \\f\\w(L--.E)\\9\\w-'--'-{L"-.Ll)- 

It only remains to note that / * 5 is a continuous function. This follows from the 
embedding W'"^^^ {L°^ , L}^) ^^ L^ in Proposition [1] and Lemma |31 □ 

Using Proposition [21 we can derive a variant of Lemma [2] (b) that only requires 
5 tobe in H/^'=^'^(L°°,L;„). 

Lemma 4. Let E be a solid, translation invariant BF space and let w be an admis- 
sible weight for it. Let A G Q be a relatively separated set. Then, for f G W{L°° , E) 
and g G W'^'^'^^{L°° , L]^,) , the sequence {{f,L\g))xeA belongs to Ed{A) and satisfies 

where the implicit constant depends on p{A) (cf. Equation ^). 

Proof. AsintheproofonLemma[2](b), \\{{f,Lxg))x\\E'i ^ \\f*9^\\w{Co,E)- Nowwe 
can invoke Proposition [2] and the fact that the involution ^ maps W^'^^'^{L'^ , L\f) 
into W^°'^^{L°°, L\j) to obtain the desired conclusion. D 

3. The model for phase-space 

We now introduce a general setting where there is a solid BF space E (called 
the environment) and a certain distinguished subspace S that is the range of an 
idempotent integral operator Po This is the natural setting for the results of 
this article and seems to be the easiest scenario to check in a number of concrete 
examples (see Section IH]). In Section [7] we will consider a more particular setting 
where the subspace S has a distinguished atomic decomposition. This will allow us 
to make fine adjustments to the general results, as required by certain applications 
(see Section [8]). 

We list a number of ingredients in the form of two assumptions: (Al) and (A2). 

(Al) — £^ is a solid, translation invariant BF space, called the environment. 

— w is an admissible weight for E. 

— S is a closed complemented subspace of E, called the atomic subspace. 
The second assumption is that the retraction E ^f S is given by an operator that 
is dominated by right convolution with a kernel in W{L°° ,L\j) D VF/{(L°°, L^). 

(A2) We have an operator P and a function H satisfying the following. 

— P : WlL'^^L'^,) -^ Ly^ is a (bounded) linear operator, 

- P{E) = 5, " 

- P(/)=/,forall/e5, 

- HeW{L°-,Li)nWH{L^,Li), 
-ForfGWiL\L^P, 

(10) l^(/)(^)l < / \fiy)\ Hiy-'x)dy, (x G G). 

Jg 

We now observe some consequences of these assumptions. 
Proposition 3. Under Assumptions (Al) and (A2) the following holds. 



This is similar to the setting studied in |41 | . 
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(a) P boundedly maps E into W{L°",E). 

(b) S'^W{L°°,E). 

(c) /// e W{L\L'^^J, then ||P(/)|k^^„ < ||/lk(Li,L» jl|J?lk.(L~,Lj„). 

(d) /// e W{L\L'^), then ||P(/)|U~ < \\f\\wiL\L^)\\H\\w^i^L^,Ll)- 
Remark 3. Since w>l,L°°^ Lf^^. 

Proof. Part (a), (c) and (d) follow from Equatfon (fTO|) . Lemma [1] and the fact that 
w > 1. For (b), observe that by part (a), P maps E into W{L°" , E) and coincides 
with the identity operator on 5'. 

Remark 4. The estimates in Proposition [5| hold uniformly for all the spaces E 
with the same weight w and the same constant Ce,w (cf Equation ©J. 

In the applications the same projection P will be used with different spaces E 
and corresponding subspaces 5', providing a unified analysis of a whole class of 
functional spaces. This is why Remark 2] is relevant. 

D 

4. Approximation of phase-space projections 

In this section we prove the main technical estimate of the article. Given the 
setting from Section |3] and a partition of unity X]-y'?7 = 1, we will show that 
the phase-space projection P{f) from Section [3] can be resynthesized from the 
phase-space locahzed pieces {Pifrj-y)}^- Note that P{f) can be trivially recovered 
from {P{frij)} by simply summing all these functions. We will prove that this 
reconstruction can also be achieved by placing the localized pieces on top of the 
(morally) corresponding regions of the phase-space. This controlled synthesis will 
then allow us to quantify the relation between P{f) and {P{frj^)} and yield the 
main result on the characterization of the norm of S. 

4.1. Setting. Let us first formally introduce all the required ingredients. Suppose 
that Assumptions (Al) and (A2) from Section |3] hold. We now state Assumption 
(Bl) introducing the partition of unity covering phase-space and the norm used to 
measure it. 

(Bl) — r C (y is a relatively separated set. 

— { ?77 I 7 e r} is a set of W^'^'^^{L°°,Ll^) -molecules enveloped by a 
function g. More precisely, 

- Mx)\ < g{j-^x), (xeg,7Gr), 

— {rjry} is a bounded partition of unity. That is, 

J2vy^h and ^|%|Gi°°(e). 

7 7 

— B is a solid, isometrically left-translation invariant Banach space such 
that W{L°°,Ll)^ B. 

Remark 5. By LemmaUl B '^ W{L^,L°°). In addition, by the definition of 
translation invariant space L^ * B '-^ B. 
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Remark 6. Note that the conditions in (Bl) allow for the usual bounded uniform 
partitions of unity \11 \ \1A \ \V2\ - where functions are supported on a family of compact 
sets having a hounded number of overlaps - but also for functions having non- 
compact support. 

4.2. Vector-valued analysis and synthesis. Let us now describe the operators 
mapping a function / into its phase-space localized pieces, by means of the partition 
of unity {?7-y} . Let the analysis operator C^ be formally defined by, 

(11) C^(/):=(m^.)W- 

For each U, a relatively compact neighborhood of the identity in Q, we also formally 
define the synthesis operator Sy , acting on a sequence of functions by, 

(12) ^^((/7)^6r):=E^(/7)X7r/- 



The operator S^ will be used as an approximate left-inverse of the vector val- 
ued analysis operator C^ . Let us now establish the mapping properties of these 
operators. 

Proposition 4. Under Assumptions (Al), (A2) and (Bl) the following statements 
hold. 

(a) The analysis operator C^ maps W{L°°,E) boundedly into Ed^si^)- In 
particular (cf. Proposition^^!) it maps S boundedly into Ed.B^J^)- 

(b) For every relatively compact neighborhood of the identity U , and every se- 
quence F G Ed^B, the series defining S^{F) converge absolutely in the 
norm of B at every point. Moreover, the synthesis operator S^ maps 
Ed.ni^) boundedly into E (with a bound that depends on U). 

Proof. To prove (a) let / G W{L°°,E). Since r?^ is bounded, f-q^ G W{L°^,E) C 
E. By the pointwise bound for P (cf. Equation ([T0|) ). 



\P{fri,){x)\< / \f{y)\g{n-'y)H{y-'x)dy 
Jg 

= {\f\L,g)*H{x). 
Since B is solid and L^ * B ^^ B, we have, 

I|p(M)I|b < Ili^llB / \fiy)\9ii-'y)dy<\\H\\w^L-^Li) f \f{y)\9{i-'y)dy. 

Jg Jg 

Now the solidity of E and Lemma |3] yield. 

To prove (b) consider a family F = {f-y).y G Ed.s- For each 7 G F, /^ G B C 
VF(L^,L°°), so by Proposition [3l P{fj) is well-defined and satisfies. 

Hence, for every x £ Q, \S^{F){x)\ < J2-y\\fi\\BXu{'y^^x)- Since U is relatively 
compact, xu & Wji{L°", L^,) and consequently Lemma [2] together with the solidity 
of £; imply that \\S^{F)\\e < \\xu\\wn{L^,Ll)\\F\\E,,^- □ 
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4.3. Approximation of the projector. Now we can state the main result on the 
approximation of P. For every U, relatively compact neighborhood of the identity 
in Q, consider the approximate projector Pjj : W{L°°, E) ~^ E given by, 

(13) ^c/(/):=E^(/''7)X7C/- 

7er 

Since Pu = S^ o C^ , Pjj is well-defined. We will prove that Pu approximates P 
in the following way. 

Theorem 1. Given e > 0, there exists Uq, a relatively compact neighborhood of e 
such that for all U ^ Uq, 

\\Pif) - Puif)\\E < e\\f\\wiL-,E), if e WiL^,E)). 

Remark 7. The neighborhood Uq can be chosen uniformly for any class of spaces 
E having the same weight w and the same constant Ce,w (cf- Equation ^). 

Concerning the ingredients introduced in Assumptions (A2) and (Bl), the choice 
of Uq only depends on \\H\\w,^L^^Li^f, \\H\\w^(^l^^li^-), \\g\\wji''-^{L--,Ll) and p{T) 
(cf. Equation ^). 

In order to prove Theorem [1] we introduce the following auxiliary function. For 
each U, let Gjj : 5 — > [0, +oo) be defined by, 

(14) Guix) --^ sup^ig * xv){l^'^y)x^{g\u)iyx). 

Observe that Gu is defined as a supremum of a family of sums. The estimates 
for P that we will derive in terms of Gu are different from the usual convolution 
estimates involving Wiener amalgam norms of g and will be crucial for the proof 
of Theorem [T] Before proving that theorem we establish some necessary estimates 
for the auxiliary function. 

Lemma 5. The function Gjj satisfies \\Gu\\L°°(g) ^ 1 (with a bound independent 
of U ). Moreover, for every compact set K <Z Q , 



l|G[/.if ||loo(;^) < / {g*xv)#{x)w{x)dx. 

Jv-{g\u) 

Proof. Let a compact set K and an element x ^ K he given. For y G 5, if 
yx G ^{g \ (UK)), then 7^^2/a; ^ UK, so 7"^y ^ U. 
Therefore, 

^{9*Xv){l''^y)Xi(g\{UK)){vx)< ^ {9*Xv){l^^y) 

7 7:7-iy^Lf 



< Y. Ji9*Xv)dt~'l~'y)xvit)dt 

= I {9*Xy)#{t-^) Y. Xv{l^'yt)dt. 
Jo . rr..,. 



7:7 ly^C/ 

Since F is relatively separated, ^ Xvij^^yt) — ^2^ Xv{t^^y^^l) ^ 1- In addition, 
if -f-^yt e V and j~^y ^ U then t ^ {l'^y)~^l^^yt e [G \ U)-^. 
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Hence, 

Gu-k{x)<J {g*Xv)#{t-^)dt^ ( {g*xv)#{t)^{t-^)dt. 

J(g\u)-^-v Jv-(G\u) 

Since A(t"^) < A(i"^)w(i^^) = w{t) the desired bound follows. Reexamining 
the computations above we see that, ||G[/||L°o(g) ^ /c(5 * Xv)#(t)'w{t)dt. Since 
g S W]^°'^^ {L°° , Ll^) , the last integral is finite and we get the desired uniform 
bound. D 

Now we can prove Theorem [1] 

Proof of Theorem[l\ Let / e W{L°°,E) and let U he a. relatively compact neigh- 
borhood of e. Since ^ rj^ = 1, 

P{f) ~ Pu{f) = E ^(Z'^^) - E P(Mx^u = E ^(/%)X7(e\c/)- 

7 7 7 

Consequently, by the pointwise bound for P (cf. Equation pH)) ). for x G 5, 

lF(/)(x) -Pa(/)(x)| < E / l/(2/)ls(7-'y)i^(2y-'a;)x^(eW)(a;)d2/. 

7 -'^ 

Since |/(y)| < J f*{z)xv{y~^z)dz, we have, 

|F(/)(x) -Fa(/)(x)| < / f*iz)J2 I Xviy-'z)gi^-'y)Hiy-'x)xy(g\u){x)dydz. 

Jg 1 •'^ 

Observe that if y~^z G V , then y~^x = y^^zz'^x G V{z~^x), and therefore 
H{y~^x) < H^{z~^x). Hence, 



\P{f){x)-Pu{f){x)\< I f*{z)H#{z-'x)Y, / a{l-^y)xv{y-^z)x,ig\u){x)dydz 

^ f*iz)H^{z-^x) J2i9 * Xv)il^'^z)x^{g\u)ix)dz 



g 

< f f*{z)H#{z-'x)Gu{z-^x)dz 
Jg 

^f**{H#Gu)ix). 
Consequently, 

\\P{f)-Pu{f)\\E<\\f*\\E\\H#Gu\\Ll = \\f\\w(L-,E)\mGu\\Ll. 

Therefore, it suffices to show that \\H^Gu\\li — > 0, as U grows to Q. For every 
compact set K CQ^ Lemma [5] implies that 

H^{z)Gij{z)w{z)dz 
g 

< \\Gu\\l^(k)\\H#\\li + 110^1^^(5) / H#{z)w{z)dz 

Jg\K 



<\\Gu\\l^(K)+ H#{z)w{z)dz. 

Jg\K 
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Given e > 0, we choose a compact set containing the identity K such that the 
second term in the last inequahty is less that e. Since g e W^'^'^^ {L°° , L^^) , we can 
also choose a compact set containing the identity Q ^ Q such that 



{g*Xv)#{x)w{x)dx < e. 
g\Q 

Set Uq '■— VQK. If [/ D C/q is a relatively compact neighborhood of e, then, using 
Lemma [SI 



\\Gu{z)\\l'^{k) <\\GvQK\\L^iK)^ / {9*Xv)#{x)w{x)dx. 

JvigMVQ)) 

Since V = V~^, we have that V{G\{VQ)) C {G\Q) and consequently ||G[/(z)||i3o(j^) 
e. Hence, we have shown that for U 3 Uq, \\H^Gu\\lI ^ ^- "^^^^ completes the 
proof. D 

5. Approximation of phase-space multipliers 

We will now interpret Theorem[T]as a result about approximation oi phase- space 
multipliers. Let us suppose that Assumptions (Al), (A2) and (Bl) hold. 
For m G L°°{G), the multiplier Mm '■ S ^ S with symbol m is defined by, 

(15) M™(/):=P(m/), {f E S). 

The operator Mm is clearly bounded by Proposition [3] and the solidity of E. When 
the space S is taken to be the range of the abstract wavelet transform associated 
with an unitary representation of Q, these operators are called localization operators 
or wavelet multipliers (see for example [311 [SUl [SH] ) ■ (More precisely, the operators 
Mm are unitary equivalent to localization operators, see Section 19.11 for further 
details). When 5' is the range of the Short-time Fourier transform the corresponding 
operators are known as STFT multipliers or Time-Frequency localization operators 

Using the approximation of the projector from the previous section, we construct 
an approximation of the multiplier M,„. For a relatively compact neighborhood of 
the identity [/, let Mm,u '■ S -^ S he defined by, 

Mm,u{f) - PPuimf), (/ e S). 

Now Theorem [1] implies the following. 

Theorem 2. For each m G L°°{Q), Mm.u — ^ Mm in operator norm, as U ranges 
over the class of relatively compact neighborhoods of the identity, ordered by inclu- 
sion. Moreover, convergence is uniform on any bounded class of symbols. 

Proof. By Proposition [31 for f E S, 

WMmMif) - Mm{f)\\E = \\PPuimf) - PP(m/)||E < \\Pu(mf) - P(m/)||£;. 

By TheoremlH ||P;7(to/) — P(to/)1|£ < S{U)\\mf\\w{L=°,E), for some function S 
such that S{U) — > 0, as U grows to G. Finally, since m e L°°{G) and f G S, 
the embedding S ^-> W{L°°,E) in Proposition [31 implies that \\mf\\iY(^i^^E) ^ 
ll/llw(L°°,£;) ^ II/IUj and the conclusion follows. Observe that if m belongs to 
a certain bounded subset of L°°, then the last estimate holds uniformly on that 
set. D 



< 
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6. Characterization of the atomic space with multipliers 

We can finally prove the main abstract result on the characterization of the 
atomic space with phase-space multipliers. 

Theorem 3. Under Assumptions (Al), (A 2) and (Bl), the map 

C : S ^ Ed,B 

is left-invertible. Consequently, the following norm equivalence holds for f £ S, 

\\f\\E^\\i\\PifV,)\\Bh\\E,. 

Remark 8. The fact that there is such a liberty to choose the BF space B is 
analogous to the fact that for coorhit spaces only the "global behavior" of the norm 
imposed on the wavelet transform matters. See [16|, Theorem 8.3]. 

Remark 9. The norm equivalence holds uniformly for any class of spaces E having 
the same weight w and the same constant Ce,w (cf Equation ^). 

Proof. With the notation of Section [5l using Theorem [2] with symbol m = 1, we 
choose a relatively compact neighborhood of the identity U such that Afi.t/ is 
invertible. Since the operator Pjj (cf. Equation p^ ) can be factored as Pjj — 
S^C^, we have that, Mi^u = PS^C^. Since A/i,^ is invertible, C^ is left- 
invertible, as claimed. This implies that |j/|J£; < |jC^(/)|J£;^ g, for f £ S. The 
converse inequality is just the boundedness of C^ and was proved in Proposition 

a D 

7. The case of atomic decompositions 

We now consider a setting where the atomic space from Section [3] has a distin- 
guished atomic decomposition. We prove a number of technical results that will 
allow us to finely adjust the general results of Section [5] in order to get sharper 
statements for certain applications. 

It is known that under very general conditions any instance of the model intro- 
duced in Section [3] has an associated atomic decomposition (see HU), but neverthe- 
less some matters naturally pertain to the general setting while others are specific 
to the case of atomic decompositions. 

Let us recall Assumption (Al) from Section [3l 

(Al) — £^ is a solid, translation invariant BF space, called the environment. 

— w is an admissible weight for E. 

— S is a, closed complemented subspace of E, called the atomic subspace. 

We now state Assumption (A2') introducing new ingredients to the model. 
(A2') — A C C/ is a relatively separated set. Its points will be called nodes. 

— {ip\\\ £ K] and { i/'a | A e A } are sets of T4^''*(L°°, L^,) molecules, 
enveloped by a function h. That is, 

- \ipx{x)\ , |7/;a(x)| < /i(A-ix), (x e g, A e A), 

- /i€M^"*(L°°,Li,). 

The sets {^px\x ^^^ {^A}>^ will be called atoms and dual atoms re- 
spectively. 



CHARACTERIZATION OF COORBIT SPACES WITH PHASE-SPACE COVERS 17 

— S C E has the following atomic decomposition. 

(a) For every c G Ed{A), the series X^a ca^Pa belong to S. U 

(b) For all / G S, the following expansion holds, 

(16) / = E(/'^^)^^- 

AeA 

Associated with the atoms we consider the analysis and synthesis operators given 

by, 

(17) C:E^E,, C(/) :=((/, Va))a, 

(18) S:Ed^E, S{c):=J2cxVx- 

A 

We also consider their formal adjoints given by, 

(19) C -.Ed^ E, C\c) := Y. c^^^' 

A 

(20) S':E^Ea. 5'(/) :=((/, ^a))a. 

Remark 10. Under Assumptions (Al) and (A2'), the operators C,S,C' ,S' are 
well-defined and bounded by Lemma\^ and the fact that h G W^*{L°°,L]^) C 

Wr{l^,lI). 

We also consider the operator P : E ^ S defined hy P := S o C . Hence, 

(21) P(/) = ^(/,^a)¥'a. 

AgA 

According to (A2'), P is a projector from E onto S. 

We will now see that the setting introduced by (Al) and (A2') can be regarded 
as an instance of the one set by (Al) and (A2). We first introduce the function H 
required by (A2). Let H : Q —> [Q, +00) be defined by 

(22) H{x) := sup ^ h{X-\j)h(X-^yx). 

y^^ xeA 

The following lemma shows that P and H satisfy the conditions in (A2). 

Lemma 6. Under Assumptions (Al) and (A2') the following statements hold. 

(a) The function H (cf. Equation ^) belongs both to iy(L°°, L^,) and Wr{L°°,LI, 

(b) For every f G W{L^,L'^iJ, the function P{f) = I]a (/' V'a) '/'A is well- 
defined (with absolute convergence at every point) and satisfies the following 
pointwise estimate, 



\Pif)ix)\< / \fiy)\Hiy-'x)dy, {x&G). 

Jg 

Moreover, ||P(/)||l~„ < ||/|k(Li,L~ j||i?||w«(L~,LJ„). 

Proof. Part (a) follows from a straightforward computation. One can first establish 
the estimates, 

H*{x)< ( h#{t-'^){h^)*{U'^x)dt, and H#{x) < f {h#)*{t-^){h^){t-^x)dt, 
Jg Jg 



The convergence of the series is clarified in Lemma [2] 
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and then deduce that ||if 11^/(^00^2.4,) + W^WwRiL-^.Ll) < \\Hw-^{l°°,li^)- 

Using the enveloping condition in (A2') we get the desired pointwise estimate 
for P. Part (b) then follows from part (a) and Lemma [1] D 

7.1. Weak continuity of the atomic decomposition of S. Suppose that As- 
sumptions (Al) and (A2') hold. Lemmas [T] and [2] give the embeddings E ^t- 
W{L'^,L'^,) and Ed ^^ i^,^. We denote by {Ed,il,) the space Ed considered 
with the restriction of the weak* star topology of i^/^- Likewise, since by Lemma 
H W{L\L'^/J embeds into the dual space oiW{L°°,Ll), we let {E,W{L°°,Ll)) 
stand for space E considered with the topology induced by the linear functionals 
obtained by integration against W{L°°,L}^) functions. Observe that, since this 
family of functionals separates points, the corresponding topology is Hausdorff. 

We will now establish the continuity of the maps that implement the atomic 
decomposition of S with respect to these coarser topologies. This will allow us to 
use density arguments for 5'. This is irrelevant when the atomic decomposition in 
Equation (|16p converges in the norm of E, but is important to make the abstract 
results fully applicable. 

Proposition 5. Under Assumptions (Al) and (A2') the following statements hold. 

(a) The map C : {E ,W [L"^ , L\,)) -> (£'d,^i,) is continuous. 

(b) For c G Ed, the series defining S{c) converge unconditionally in the {E, W{L°° , i^)) 
topology. Moreover, the map S : {Ed,(.\,) — >■ {E ,W {L°° , L\j)) is continu- 
ous. 

Similar statements hold for the operators C and S' (cf. Equations (|19p and (|20p j. 

Proof. The operators C, S, C , S' are formally related by, 

(C(/),c) = (/,C'c), 

{Sic)J) = {c,S'f), 

with f ^ E and c G Ed- The proposition follows easily from here. All the technical 
details on interchange of summation and integration can be justified using Lemmas 
mandUl D 

8. More general partitions of unity 

Under additional assumptions we can extend Theorem |3] to the case where the 
condition on the partition of unity: ^ ry^ = 1 is relaxed to: < A < ^ 77-y < B < 00. 
To avoid altering the ongoing notation we keep the assumption that ^ r]j = I and 
introduce a new (generalized) partition of unity {9-y : 7 £ F} related to the one in 
Assumption (Bl) by 9j = mry^, where < A < m < B < 00. This is the gen- 
eral form of a family of functions {9^ : 7 £ F} enveloped by g and whose sum is 
nonnegative and bounded away from zero and infinity. 

Consider the setting of Section [T] The problem of extending Theorem [3] to this 
new partition of unity can be reduced to the one of establishing the invertibility 
of the multiplier Mm (cf. Equation (fT5|) ). To this end, we will extend the atomic 
decomposition on Equation P^ to an adequate Hilbert space H, then prove the 
invertibility of Mm on H and finally use the spectral invariance of a certain subal- 
gebra of the algebra of bounded operators on i"^ to deduce the invertibility of Mm 
on S. This is where certain restrictions on the geometry of G need to be imposed. 
For the case of time-frequency decompositions and modulation spaces, this line of 
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reasoning is hinted on the final remark of [6, and developed for a very general class 
of symbols and weighted modulation spaces in [34] . 

Suppose that Assumptions (Al) and (A2') hold (cf. Section [7]). We will now 
introduce Assumptions (CI) and (C2) and present the extension of Theorem [3l 

8.1. Assumption (CI). We will use a key result from from [20] . To this end we 
introduce the following conditions for a discrete group V, and a weight u on it. 

Definition 1. We say that the pair {Q,u) satisfies the FGL- conditions if the fol- 
lowing holds. 

• fl is a discrete, amenable, rigidly symmetric group. 

• u : rj — >■ [1, oo) is a submultiplicative, symmetric weight that satisfies u{e) — 
1 and, 

lim sup u(x)^'" = 1, and, 

inf u{x) w sup u{x), {n £ N), 

for some symmetric generating subset U of f2, containing the identity ele- 
ment. 

For an explanation of the FGL-conditions and their relation to other notions 
for groups (such as polynomial growth) see [20l [19] and the references therein. In 
Proposition[7|we give more concrete sufficient conditions for the applicability of the 
FGL-conditions to our setting. 

Now we introduce the following assumption on the geometry of Q and the set 
of nodes A that provides the atomic decomposition of S. This condition will be 
satisfied in the applications to time-frequency analysis but not in the case of time- 
scale decompositions. 

(CI) We assume the following. 

— t/ is an IN group jj 

— The set A is a closed, discrete subgroup of Q that, considered as a 
topological group in itself, satisfies the FGL-conditions with respect 
to the restriction of the weight w. 

Remark 11. The fact that Q is an IN group implies that it is unimodular (i.e. A = 
1) (see [42] ). As a consequence, the weight w is symmetric (i.e. w{x) — w{x^^)). 
The submultiplicativity of w now implies that {l/w){xy) < w{x){l/w){y). This 
equation in turn implies that the weight w is admissible for all the spaces L^ and 
L\j^, (l<P<+oo). 

Since under Assumption (CI) A is a subgroup, it is possible to consider con- 
volution operators on E^{K). The space E^{K) is always left-invariant, but for a 
general group Q it may not be right-invariant (even if E is). Using the fact that 
in (CI) Q is assumed to be an IN group, the following proposition can be easily 
proved. 

Proposition 6. Under Assumption (CI), Ed{A) * il^{A) C Ed{A), with the cor- 
responding norm estimate. 



Remember that, by convention, we also assume that the distinguished neighborhood V is 
invariant under inner automorphisms. 
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Before introducing the second assumption we give some sufficient conditions for 
Assumption (CI) to hold. Recall that a group is called almost connected if the 
quotient by the connected component of the identity element is compact. 

Proposition 7. Suppose that Assumptions (Al), (A2') and (Bl) hold and that, 
in addition, Q is an almost connected IN group. Suppose that A is a discrete, 
closed, finitely-generated subgroup of Q and that the weight w satisfies w{e) — 1, 
the Gelfand-Raikov-Shilov condition, 

(23) lim w(A")i/" = 1, for all A e A, 

n— J-+00 

and the condition, 

inf w{x) ~ sup w{x), for all n G N, 

xG(7"\C/"-i x£U"\U"~^ 

for some symmetric generating subset U of A, containing the identity. 
Then, the conditions in (CI) are satisfied. 

Proof. The group Q is an almost connected IN group and therefore has polynomial 
growth (see [H]). Since A is discrete and closed in Q it also has polynomial growth 
(with respect to the counting measure). Indeed, using the fact that A is discrete 
and closed it follows that there exist W , a compact neighborhood of the identity in 
Q, such that \W n \'W = for any two distinct elements A, A' G A. Then, for any 
finite set F C A, the cardinahty of F" is dominated by |(FVF)"|. 

Hence, A is a finitely-generated discrete group of polynomial growth. Therefore 
A is amenable (see [12] )• In addition, by Gromov's structure theorem [35^, A has a 
nilpotent subgroup of finite index. Corollary 3 from |:38^ implies that A is rigidly 
symmetric (see also [2Q]). Finally, since A is a finitely-generated discrete group 
of polynomial growth. Theorem 1.3 from [19' implies that the GRS condition in 
Equation ([23]) implies the condition required in (CI). D 

8.2. Assumption (C2). In order to introduce the second assumption, suppose 
that Assumptions (Al), (A2') and (CI) hold and let H be the closed linear subspace 
of L'^iG) generated by the atoms {(p\ : A € A}. 

Since Q is now assumed to be unimodular, left and right translations are isome- 
trics on L^{Q). Hence, the weight w is also admissible for L^{G) (cf. Equation 
[5]) and consequently the operators C and S from Section [7] map L^{Q) into £^(A) 
and £^(A) into L^{Q), respectively (cf. Equations (fT7|) and (fTS])). For clarity, when 
considered with this domain and codomain we will denote these operators by C'h 
and Sh- Their adjoints will be denoted by C^ and S^. Note that these operators 
coincide with the maps C" and S" on the intersection of their domains (cf. Equa- 
tions ((T9|) and ((20| '). We also consider the operator Ph '■= ShCh, which coincides 
withPonL2(^)n^. 

Recall that a frame for a Hilbert space i is a collection of vectors {cfe}^ such 
that ||i;||i, « ||((v, efc))fe||^2, for v E L. For a general reference on Hilbert-space 
frames see [5TJ|3]. We now observe that the atoms of S form a frame for H. 

Claim 1. The set {ip\ : A G A} is a frame for H . 

Proof. Since / = P{f) = Pnif) = SnCnif) for finite linear combinations of the 
atoms {ipx}-^, and Ch and Sh are bounded, it follows that / = SuCHif), for all 
f E H. This implies that / = QC^S'^{f), for all / G H, where Q is the orthogonal 
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projection onto H. Hence, ||/||L2(e) ~ ll-SIf (/)l|p(A) == ll((/, ¥'a))a||^2(a), for all 
fGH. D 

Since {ipx : A £ A} is a frame for H , it has an associated canonical dual frame, 
that provides an expansion with coefficients having minimal ^^-norm (see for ex- 
ample [511 14]). This dual frame does not need to coincide with our distinguished 
set of dual atoms {tp\ : A e A}. We will now assume that they do coincide. This 
assumption will be justified in a large number of examples. 

(C2) We assume that the set {4>\ : A e A} is the canonical dual frame of {(p\ : A G A}, 
considered as a frame for H . 

Under Assumption (C2), {^a}a ^ H and the operator Ph is the orthogonal pro- 
jector L'^{G) — ^ H. Also, Ch and Sh are related by C]^ = Sh and S'j^ = Ch- 
(Here L^ denotes the Moore-Penrose pseudo- inverse of an operator L). 

8.3. Convolution-dominated operators. For the remainder of Section [3 we 
assume that conditions (Al), (A2'), (Bl), (CI) and (C2) hold. 

Using the fact that A is a subgroup, it is possible to dominate operators on E^ 
by convolutions. We consider the class of operators dominated by left convolution, 

CD{A,w) := {T G C^""^ \ |Ta,a'| < oaa'-i, for some a G 4(A) }, 

and we endow it with the norm, 

\\T\\cD{A^^o) :- inf { ||a|bj„ | ITa^a'I < a^y-i, for all A, A' G A}. 

CD{A,w) is a Banach *-algebra (see [20]). We also consider the Banach *-algebra 
of operators dominated by right convolution, 

CDiiiA^w) := {T G C^^^ | \n,x'\ < ay-i^, for some a G 4(A) }, 

and we endow it with a norm in a similar manner. We will use a slightly adapted 
version of the main result from [20j . 

Proposition 8. The inclusion CDji{A, w) ^-> i3(£^(A)) is spectral (i.e. it preserves 
the spectrum of each element)Y\ Moreover, if L G CD/j(A,w) is a self-adjoint 
operator with closed range, then its pseudo-inverse L^ also belongs to CD}i{A,w). 

Proof. Let A°p denote the set A considered with the opposite group operation, 
given by A.opA' — A'A. Since x i— ?► x~^ is an algebraic and topological isomorphism 
between A and A°^ and the weight w is symmetric, it follows that A°^ also satisfies 
the FGL-conditions with respect to the restriction of the weight w. Hence, [20l 
Corollary 6] implies that CD{A°p, w) is a spectral subalgebra of B{e'^{A"P)). Finally 
observe that CDr{A,w) = CD{A°p,w) and that B{f{A"P)) = B{e{A)). 

The second part of the theorem is a well-known consequence of the first one. 
Since the inclusion CD/j(A,-u;) ^^ B{i'^{A)) is closed under inversion, it is also 
closed under holomorphic functional calculus. For a self-adjoint operator with 
closed range L G CD_r(A,w), its pseudo-inverse is given by L^ = f{L), where 
f{z) = z~^, for z ^ and /(O) = 0. /is holomorphic on the spectrum of L 
because, since the range of L is closed, is an isolated point of its spectrum. D 



Here, B{£-^{A)) denotes the algebra of bounded operators on £^{A). 
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Remark 12. The result in pOl seems to be the most appropriate one for this context 
but in some cases it is also possible to apply the results in |46 [ I44 j to the same end. 
If the group A is Z'', then the desired result also follows from [5], [32j and [45] with 
the advantage of slightly relaxing the assumptions on the weight. 

We now observe that CDii{A,w) acts on Ed. 

Proposition 9. Let T E CDji{A,w). Then the following holds. 

(a) T maps Ed into Ed and \\T\\e^^e^ < \\T\\cDr{k,w)- 

(b) T : (Edjilu) — > {Ed,i}jj) is continuous. 

Proof. Part (a) follows from Proposition [B] and the solidity of Ed. For part (b), 
observe that the spaces L^ and L^, satisfy the same assumptions that E (cf. 
Remark II ip and consequently, by part (a), every operator in CDii{A,w) maps 
£l^ into £^ and l"^, into £y^. Since the class CDii{A,w) is closed under taking 
adjoints it follows that T : l^^ ^> E"^, is weak* continuous, so part (b) follows. D 

8.4. Invertibility of multipliers. We will now prove the invertibility of Mm on 
S. We assume that m G L°°{Q) is real- valued and satisfies, 

0<yl<m<S<oo, 

for some constants A, B, and we will establish a number of claims that will lead to 
the desired conclusion. 

Claim 2. The operator M.„i : H ^f H is invertible. 

Proof. Observe that, since Ph '■ L'^{Q) — > if is the orthogonal projector, and m is 
real-valued, the operator Mm : H ^ H \s self-adjoint. Moreover, for / G H, 

\\Mm{f)\\H\\f\\H > {P{mf)J) = (mfj) 

= f m{x)\f{x)\'dx>A\\f\\jj. 
Jg 

Hence, Mm : H ^ H is self-adjoint and bounded below and therefore invertible. 

D 

Remark 13. Claim\^may not be true without the assumption that m is nonnega- 
tive. Indeed, if G = M., A = Z, ifx = ipx = X[a,a+i] and m = X(-oo,i/2) -X[i/2,+oo)], 
then Mmi'Po) = 0. 

Let L G C^^-^ be the matrix representing the operator Sl^MmSn '■ ^^(A) — i- 
£^(A). Hence, L is given by, 

L\,x' ■= {mipy,ipx) . 

Claim 3. The matrix L belongs to CDji{A,w) and has a Moore-Penrose pseudo- 
inverse L^ that also belongs to CD]i{A,w). In addition, (Mm)^^ : H ^ H can be 
decomposed as {Mm)~^ = ShL'^S'^. 

Proof. To see that L G CDj^{A,w) let us estimate, 

l-^A,A'| ^ / h{X^^x)h(\'^^x)dx = ax'-i\, 
Jg 

where a\ := h* h^{X). Using Lemmas [1] and [H we see that a G £l^. 
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The operator Sh has range H because {ffix})^ is a frame for H (cf. Claim [ij. 
Since Aim : H ^ H is invertible by Claim [21 the range of L = S^MmSn equals 
S^{H). This subspace is closed because S'lj is bounded below on H (that is the 
frame condition). Hence, L has closed range and consequently has a pseudo- inverse 
Lt. Since Mm is self-adjoint, so is L. In addition, L^ is given by, 

L^ = CH{M,n)-'C*H- 

Hence, (M„i)^^ — ShL^S'^, (where the operator S^ is restricted to H). Finally, 
by Proposition m L^ e CDii{A,w). D 

Now we can prove the invertibility of M^ on S. 

Proposition 10. Let m e L°°{Q) be real-valued and satisfy 0<A<m<B< oo, 
for some constants A,B. Then, the multiplier Mm '. S ^ S is invertible. 

Proof. Let Nm : S ^ S he the operator defined by Nm '■= SL^S' (cf. Equation 
([20]) ). It follows from Proposition |9] and Claim |3] that Nm is bounded. Moreover, 
by ClaimElfor /GSni?, 

(24) MmNmif) = NmMmif) = f- 

By Propositions [5] and [51 the operators Mm and Nm are continuous in the 
{E, W {L°° , Ll^,)) topology. Since by Proposition [5l any f £ S can be approximated 
by a net of elements oi SnH in the {E, W{L°° , L^)) topology (by considering the 
partial sums of the expansion in Equation (fTB]) ) it follows that Equation (|24|l holds 
for arbitrary f £ S. Hence, Mm : S ^ S is invertible. D 

8.5. Characterization of the atomic space with multipliers. Finally we can 
derive the extension of Theorem [3] to more general partitions of unity. 

Theorem 4. Suppose that Assumptions (Al), (A2'), (Bl), (CI) and (C2) are 
satisfied. Let {9~^ : 7 G F} be given by 6^ = mrj^, where 0<A<m<B<oo. 
Then the operator, 

C^ : S ^ Ed,B{T) 

f^iP{f0^)h 
is left-invertible. Consequently, the following norm equivalence holds for f G S , 

\\f\\E^\\{\\P{fe^)\\B)4E,- 

Remark 14. Any family {9-^} that is enveloped by g and whose sum is a real- 
valued function that is bounded away from and 00, has the prescribed form for an 
adequate choice of the partition of unity {rj^} and the function m. 

Remark 15. As in Theorem\^ the norm equivalence holds uniformly for any class 
of spaces E having the same weight w and the same constant C'e w (cf Equation 

m)- 

Proof First observe that C^{f) = C^{mf), so C^ is bounded on S by Proposi- 
tions [3] and [H By Proposition [TOl M,„ is invertible, so by Theorem[2]we can choose 
a relatively compact neighborhood of the identity U such that Mm,u is also invert- 
ible. Since the operator Pu (cf. Equation 113])) can be factored as Pu = S^C^ , we 

have that, Mm,u{f) = PS^C^{mf) = PS^C^{f). Since Mm,u is invertible, C^ 
is is left-invertible, as claimed. This also implies the desired norm equivalence. D 
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9. Applications 

9.1. Coorbit spaces. We now briefly introduce coorbit theory (see [15]) and show 
how Theorem [3] apphes to this context. Let tt be a (strongly continuous) unitary 
representation of Q on a Hilbert space H. For a fixed h E M, the abstract wavelet 
transform is defined as, 

Vhf{x):^{f,7r{x)h), {fem,xeg). 

Let w be an admissible weight on Q. The main assumption in coorbit theory 
is the existence of a cyclic vector ft, G H that is admissible in the sense that: 
Vhh G Wr{L°°,LI^) and the reproducing formula, 

Vhf = Vhf * Vhh, 

holds for all / G H. (For a study about the validity of the reproducing formula see 
[26]). Since Vhh{x-'^) = Vhh{x), it follows that Vhh also belongs to W{L°°,Ll). 
As a consequence of the reproducing formula, V/i : H ^ L'^iS) is an isometry and 
therefore has an inverse on its (closed) range. 

Under these conditions the space ]HIJ„ is defined by, 

Ml:^{fem\VhfeLl}, 

and endowed with the norm ||/||hi '■— \\Vhf\\L^ ■ The anti-dual of H^ (i.e. the 
space of continuous conjugate-linear functionals) is denoted by (IHIJ„)^. The inner 
product H X H — > C extends to a sesquilinear form on H^ x (H^)^ — > C. Since 
h is assumed to belong to IHIJ„, the abstract wavelet transform can be defined for 

Coorbit spaces are defined by selecting from the reservoir (H^)^ those elements 
that satisfy a certain criteria. Let E he a solid, translation invariant BF space such 
that w is admissible for it. The coorbit space is defined by, 

CoE:^{fe{miy\VhfeE}, 

and endowed with the norm ||/||coE '■— \\Vhf\\E- 

Let S — Vh{CoE). According to [121 Proposition 4.3], -S is a closed subspace 
of E and moreover P{F) := F * Vhh defines a projector onto S. Hence, if we 
let H := \Vhh\, Assumptions (Al) and (A2) are verified. When E is L^(^), the 
operator P is in fact the orthogonal projector onto S. 

In order to apply Theorem [3| to this setting, let a partition of unity {%} and 
a BF space B satisfying (Bl) be given. Let the operators M^ : CoE — >■ CoE be 
defined as, 

M^{f):^V:{r,,Vhif)). 

Observe that, since V/j : H — > i^ is an isometry, V^* is the projection onto the range 
of Vh followed by the inverse of Vh on its range. Hence, 

VhM^if) :^ M^^Vhif), 

where A/^^ : S ^ S is the multiplier form Section [5] Now Theorem [3| yields the 
following. 

Theorem 5 (Characterization of coorbit spaces). Let a partition of unity {rj-y} 
and a BF space B satisfying (Bl) be given. Then, for f e CoE, the following norm 
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equivalence holds, 



WfWcoE « I|{||m^(/)||cob}^IIe.. 



Moreover, the norm equivalence holds uniformly for any class of coorbit spaces CoE 
having the same weight w and the same constant Ce.w (cf Equation ©J. 

In addition, f £ (EI^) belongs to CoE if and only if {\\Mj{f)\\coB} G Eci{T). 

Remark 16. One possible choice for B is L'^{G) yielding CoB = H (cf. [T5j 
Corollary 4.4]J. 

Proof. The norm equivalence follows directly from Theorem |3] and the fact that 
Vh : CoE -^ S is an isometry. The "in addition" part follows from a standard 
approximation argument. D 

9.2. Time-Scale decompositions. We now consider the afRne group ^ = K'^ x 
(0, +00), where multiplication is given by {x,s) ■ (x',s') = (x + sx',ss'). Haar 
measure has density dx-^^ and the modular function is given by A(a;,s) = s^"*. 
The affine group acts on L^(R'*) by translations and dilations, 

n{x,s)f{y)^s-''/^f(y- 

The Wavelet transform associated with tt is, 



WHf{x,s)^s-''l^ ( f(t)h(*-^)dt, 
for f,hE L'^{M.'^), whereas the inverse wavelet transform is given by, 
W;:F{x)^ r^ I F{y,s)h(''-^dx '^' 



Jo Jvl-^ \ *" / s^'^+l' 

ioT FeL\g)E 

The wavelet multiplier with symbol m e L°^{Q) is given by, 
(25) WM,nf{x)^Wt{mWHF), 

for / G L'^{«^). 

The class of coorbit spaces for tt contains a large range of the classical function 
spaces (see [57]) including the Besov and Triebel-Lizorkin spaces. We illustrate 
Theorem [5] for homogeneous Besov spaces. For 1 < p,q < +cxd and cr G K, the 
homogeneous Besov space Bp^iW^) is the set of all tempered distributions (modulo 
polynomials) / e S' /ViW^) such that 

1/9 

is finite (with the usual modification for q — 00) , where J- is the Fourier transform 
and {<y3j} is an adequate Schwartz class partition of unity subordinated to dyadic 
crowns. It is also usual to present these spaces in terms of integrability of moduli 
of continuity rather than frequency truncations. See j47j for details. 



The integral converges in the weak-sense. The possibiUty of evaluating it pointwise requires 
further hypothesis. 
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One of Triebel's characterization of Besov spaces [48] (see also [27j) implies thatO 

^P,(K') = Co(L^^^,/,_,/^((?)), where, 



^llLg-= \Fix,sWdx s 



^-'^1. 



d+l 



As shown in |33[ Section 4.2] the admissibility of the window h is implied by the 
classical "smooth molecule" conditions involving decay of derivatives and vanishing 
moments (see [231 [Ml US ) . For example, any radial Schwartz function h with all 
moments vanishing is adeauaterl 

In order to illustrate Theorem [5l we consider a covering of W^ x (0, +cxd) of the 
form, 

(26) [/fe,, :=2J"((-l,l)'^ + A:)x(2-'"-\2J"+i), (fceZ^jeZ), 

and let {'7fej"}j, be a (measurable) partition of unity subordinated to it. The 
discrete norm of a sequence { Ck.j \ k e Z'^,j G Z } associated with the space L^''' 
and the covering in Equation ([25)1 is (see for example [271149) ), 






1/9 



We now obtain the following result. 
Theorem 6. The quantity, 



q/p'^ 



1/9 



5^2-^-'^'^ ^||WM,,,^/||^ 






where a' := a+d/2—d/p, is an equivalent norm on B^ (with the usual modifications 
when p or q are cxdJ. 

Remark 17. Observe that Theorem [5| also allows for non- compactly supported 
partitions of unity, as long as its members are enveloped by a well- concentrated 
function. Also observe that in the norm equivalence above we can measure the 
norms of WM,,^ . / in other Besov spaces besides L? . 

9.3. Time- Frequency decompositions. For f,hE L'^(W''), the Short-Time Fourier 
Transform (STFT) (or windowed Fourier Transform) is defined by, 



Vh/(x,0= / fiy)e-'^''yhiy-x)dy. 

The translation and modulation operators are given by T^fiy) '■— f{y — x) and 
MJiy) := e2-.y/(y), so that, 

(27) V,./(x,c):-(/,Af,T,/i). 



Triebel's result implies that ||/||hc ~ ||H^h/|| rP-9 for an adequate window function 

"pq ^a + d/2-d/q 

h. In |15| it is shown that all admissible windows h induce equivalent norms in the coorbit space. 
To satisfy the general assumptions of Section \3\ we can use the weight w(x,s) := 
msix{s-'',A{x,s)-^s'^} = ma.x{s-'^,s'^+''}. 
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If h is suitably normalized, Vh ■ i^(R'^) — > L^(]R^'^) is an isometry. The adjoint 
(inverse) STFT is given by, 



SO the localization operator with symbol m G L°°(R^'') is given by, 

H„/(x) = V*^{mV,J)ix) = / m{y,<;)Vhf{y,^)M,Tyh{x)dyd<,. 



If h belongs to the Schwartz class, the definition in Equation ([27| extends to tem- 
pered distributions. Modulation spaces are then defined by imposing integrability 
conditions of the STFT. Let w : R^'' — > (0, +00) be a submultiplicative, even 
weight that satisfies the GRS condition: lim„^oo u^("-a;)^/" = 1, for all x G R^''. 
Let V : R^'^ —^ (0, +00) be a w-moderated weight; that is: v{x + y) ^ wix)viy), for 
all x,y G M^*^. Assume further that v is moderated by a polynomial weight. For 
1 ^ P: 9 < +00, the modulation space M^''^ is defined as, 

MP^" := { / G S'iR'') I Vhf G LP''^{R^'') } 

where, 

X q/P \ 1/"? 
I^IIl-= I / ( / \Fix,,)\Pv{x,,rdx] dd , 




with the usual modifications when p or g are +00. M^''' is of course given the norm 
II/IImP'' = II'^'/i/IIl'''''- For more details on the STFT and modulations spaces see 

After some normalizations and identifications, modulation spaces can be re- 
garded as coorbit spaces of the Schrodinger representation of the Heisenberg group. 
We chose however to consider them in the context of Section [71 For h G M^^, 
I < p,q < 00, and w,v as above, we let G he W^ x R'^, E ■- L^^'^iG) and 
S:=V;,(Mr). 

For an adequate lattice^ A C R-^'' the system | M^^Txh I (a;,'^) G A } gives rise 

to an atomic decomposition of M^'''. Moreover, on M^ — M^' the dual atoms 
consist of the Hilbert-space dual frame of { M^T^h | (a;, <^) G A } and are of the form 
{ M^TaJi I (a;,?) G A } for some function h G M^-^ (see [HllMl)- Hence, if we define 
f^x,';) '■— Vh{M^Txh) and ip{x.<;) '■— Vh{M^Txh), the atoms { <y9A -^ G A } and dual 
atoms I f/'A A G A I provide an atomic decomposition for S. 

Since G is abelian, left and right amalgam spaces coincide. The envelopes for 
the atoms and dual atoms are the functions \Vhh\ and V^/i O These functions 
indeed envelope the atoms because of the straightforward relation: \Vh{M^Txf)\ = 
I'Vhfi- - ix,^))\ (see [Ml Equation 3.14]). The fact that h and h belong to M^ 
means that Vhh and Vhh belong to Lj^,, but it is well- know that in this case they 



This assumption is only made in order to define modulation spaces as subsets of the class of 
tempered distributions. For a general weight, the space Mj''' has to be constructed as an abstract 
coorbit space. 

By a lattice, we mean a full-rank lattice; i.e, a set of the form A = ylZ^'*, where A is an 
invertible matrix. 

For simplicity Assumption (A2') requires the same envelope for both the atoms and the dual 
atoms, but clearly if they have different envelopes then their sum serves as a common envelope. 
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also belong to W{L^,Ll^) (see ^H Proposition 12.1.11]). This fact can also be 
derived from the norm equivalence in Proposition [3l 

Let us now consider a family of functions { 0^ 7 G P } that satisfy 



0<A< 



7 



< B <oo. 



Let us also assume that P is a relatively separated subset of R and that there 
exists a function g G L^(IR^'^) such that |6'-y(a::)| < g{x — 7), for all x £ R'^'^ and 
7 e P. We will let the space B that measures the localized pieces be an unweighted 
Lebesgue space L''^". We are then in the situation of Section [8] (remember that, 
since G is abehan, L^ = W^"""^ {L°° , L^) - cf. Proposition [J). 

To illustrate Theorem 2] more clearly we further assume that P = Pi x P2 for 
two relatively separated sets Pi,P2 C R'^. Then we get the following. 



Theorem 7. For all 1 < s,t < 00, the quantity, 




q/p'^ 



1/9 



(71 ,12 



,frM,Mii,^2Y 



is an equivalent norm on A'/^'' (with the usual modifications when p or q are ooj. 

This generalizes the main result in lOj in two directions. The results in |10j apply 
only to partitions of unity produced by lattice translations of a single function, 
whereas Theorem [7] allows for irregular partitions. Secondly, in 10 the space 
measuring the localized pieces is restricted to be L^. In contrast, in Theorem [7] 
it is possible to measure the localized pieces using the whole range of unweighted 
modulations spaces. 

The proof in i 10| resorts to techniques from rotation algebras and spectral the- 
ory to construct an atomic decomposition that is simultaneously adapted to all the 
localization operators { Hg^ 7 G P } . Part of our motivation came from the obser- 
vation that such an atomic decomposition could be obtained in a more constructive 
manner by using the technique of frame surgery, recently introduced in j43) . 

9.4. Shearlet spaces. Theorem [3] can also be applied to the recently introduced 



shear let coorbit spaces [7]. For a G 1 
Aa and the shear Ss are defined by, 



. \ {0} and s G R, the parabolic scaling 



Aa-.^ 







Ss-.^ 



{aa , s 



together with the operation, 

'^Is'^t + S.Aat'). 



sgn{a) 

The shearlet group is the set Q :—^ 

{a, s,t) ■ (a , s ,t ) := 

The shearlet group acts on i^(R^) by, 

Tria,s,t)f{x) := \ar^^^ fiA-'S;\x - t)). 

In [7] it is proved that any Schwarz function h with Fourier transform supported on 
a compact subset of R* x R is an admissible window. The corresponding wavelet 
transform, 

SHhf{a, s, t) := (/, 7r(a, s, t)h) , 
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is called the continuous shearlet transform. Using Theorem [3l shearlet coorbit 
spaces can be described in terms of multipliers of the continuous shearlet transform. 
See |7| for the relevant explicit calculations on the shearlet group (e.g. description 
of relatively separated sets). 

9.5. Localized frames. Let us briefly point out that Theorem |4] also applies to 
coorbit spaces of localized frames (see ^\ [211 H]). If i? is a Hilbert space and 
T = {fk}i.(^xd is a frame for it, every element in / G iJ has an expansion / = 
X]fc {fifk)gk, where {gk}]^p^^d is the so-called canonical dual frame. J- is said to 
be localized if |(/fc, fj)\ < Ok-j, for some sequence a G C(^'*) ^^'^ ^ weight like the 
one considered in Section [8l Frame multipliers are defined by applying a mask to 
the frame expansion: 

M„i{,f) := ^ ruk (/, fk) 9k, 
k 

where m £ l°°{li'^). Coorbit spaces H^^F) are defined by imposing i?^ summability 
conditions to the coefficients {f,fk) (see [21J for the details). Theorem |4] can be 
applied using Q — A — Z,''- and yields a characterization of the spaces H^{F) in 
terms of frame multipliers. Hence, for example, modulation spaces (cf. Section F9.3p 
can also be characterized in terms of the so-called Gabor multipliers TS] . 
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